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Abstract

In above mentioned paper some items were up in the air. We intend
develop them here. These items were not basic and did not affect to
above mentioned paper.

As we will describe after, the items we show in this paper are to fix
the w value and the α and β values.

∗Together with the analysis and study of skew-adjoint endomorphisms on the basis of
invariant subspaces, we make a presentation of electromagnetic field structure tensor in
the framework of the Relativity.
†Licenciate in Physical Sciences (Universidad Complutense de Madrid; Spain)
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Emeritus Professor of Computer Sciences in the Instituto Nacional de Meteoroloǵıa (INM,
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1 Introduction

In our paper ”Structures of the Skew-adjoint Endomorphisms and Some
Peculiarities of Electromagnetic Field” the metric tensor in his covari-
ant form, is

(G) =


0 w
w 0

1
1


using the pseudo orthogonal reference frame (−→p ,−→q ,

−→
Y,
−→
Z ) (see our

paper ”Structures of the Skew-adjoint Endomorphisms and Some Pe-
culiarities of Electromagnetic Field” Annex B.2).

It is verified

−→p 2 = −→q 2 = 0;−→p .−→q = w;
−→
Y.
−→
Z = −→p .

−→
Y = −→p .

−→
Z = −→q .

−→
Y = −→q .

−→
Z = 0

−→
Y2 =

−→
Z 2 = 1

In the orthogonal basis (
−→
U,
−→
X,
−→
Y,
−→
Z ), the metric tensor is

(g) =


−1

1
1

1


and we have

−→
U2 = −1;

−→
X2 =

−→
Y2 =

−→
Z 2 = 1

−→
U.
−→
X =

−→
U.
−→
Y =

−→
U.
−→
Z =

−→
X.
−→
Y =

−→
X.
−→
Z =

−→
Y.
−→
Z = 0

The passage equations between the pseudo orthogonal reference
frame and the orthogonal reference frame, are:

−→p = ap
−→
X + bp

−→
U

−→q = aq
−→
X + bq

−→
U

−→
Y and

−→
Z remain the same.

It is easily checked that:
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ap = εbp = a

aq = ηbq = b

It must be η = −ε. Then the transition equations become:

p = a(ε
−→
U +

−→
X)

q = b(−ε
−→
U +

−→
X)

Here we have −→p .−→q = 2ab = w.
To keep the orientation toward the future must be a > 0, b < 0.

ε = +1, thereby w = 2ab < 0
For this reason we make a = α, b = −β, being α > 0, β > 0.
Exceptionally, only in this section and in the next, we use α and β,

not as subindex but as parameters.
Then

p = α(
−→
U +

−→
X)

q = β(
−→
U −

−→
X)

and w = −2αβ
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2 Fixing the w value

The passage of (G) to (g) is

(g) = Bt(G)B

where B depicts the above mentioned passage.

(B) =


α α
β −β

1
1



(g) =


α β
α −β

1
1




0 w
w 0

1
1



α α
β −β

1
1



=


−w2

w2

1
1

 =


−1

1
1

1


It is clear that

w2 = 1 , thereby w = −1

Let us now fix the α and β values.

In the orthogonal basis Rg ≡ (
−→
U,
−→
X,
−→
Y,
−→
Z ), null vectors −→p and −→q

have the next components:

−→p = (α, α, 0, 0)

−→q = (β,−β, 0, 0)

In the pseudo orthogonal basis RG ≡ (−→p ,−→q ,
−→
Y,
−→
Z ), null vectors

−→p and −→q have the next components:

−→p = (1, 0, 0, 0)

−→q = (0, 1, 0, 0)
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Here the equations of passage from Rg to RG are

(
−→
U,
−→
X,
−→
Y,
−→
Z )

B-1

⇒ (−→p ,−→q ,
−→
Y,
−→
Z )

where

(B-1) =


−β −α
−β α

1
1

 . 1
w

being w = −2αβ

1
−2αβ


−β −α
−β α

1
1



α
α
0
0

 =


1
0
0
0



Therefore

α = β ; 2α2 = 1 ; α =
√
2
2
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Thereby

p =

√
2

2
(
−→
U +

−→
X)

q =

√
2

2
(
−→
U −

−→
X)

3 Representation of the tensor of the electromag-
netic field

In accordance with the paper ”Structures of the Skew-adjoint Endo-
morphisms and Some Peculiarities of Electromagnetic Field” w ap-

pears only in the reference frame (−→p ,−→q ,
−→
Y,
−→
Z ) in the covariant and

contravariant forms.
In contravariant form, the expression of electromagnetic field is

F = λw−→p ∧ −→q + µ
−→
Y ∧

−→
Z

As w = −1 we have

F = −λ−→p ∧ −→q + µ
−→
Y ∧

−→
Z

Here, −→p ,−→q ,
−→
Y,
−→
Z , are contravariant vectors.

In the above mentioned paper, the electromagnetic field, in covari-
ant form, appears to be

F = − 1
w
λ−→p ∧ −→q + µ

−→
Y ∧

−→
Z

In this expression, −→p ,−→q ,
−→
Y,
−→
Z are covariant vectors.

As we have w = −1, the previous expression turns into

F = λ−→p ∧ −→q + µ
−→
Y ∧

−→
Z

In the reference frame (
−→
U,
−→
X,
−→
Y,
−→
Z ), in the covariant form, we have

F = λ
−→
U ∧

−→
X + µ

−→
Y ∧

−→
Z

As we can see, in this expression F does not depend on w.
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4 Dual tensors of F

The dual of electromagnetic tensor of Fγδ is

F*
γδ = εγδρσF

ρσ

γ < δ < ρ < σ

As we have seen before, it is clear that

F = λ
−→
U ∧

−→
X + µ

−→
Y ∧

−→
Z

in covariant coordinates.
It is not hard to derive the dual tensor F* of F, in covariant coor-

dinates:

F∗ = −µ
−→
U ∧

−→
X + λ

−→
Y ∧

−→
Z

We arise to the fact that we get the dual of F swapping the invari-
ants λ and µ and changing the sign of µ.

5 Fixing electric E field and magnetic field H.

The electric field is defined in the next way−→
E = F.

−→
U

and the magnetic field−→
H = F∗.

−→
U

As one can easily verify

−→
E = λ

−→
X

in covariant components
and

−→
H = −µ

−→
X

in covariant components as well.

The electric vectorial field
−→
E , and magnetic vectorial field

−→
H, in

this section, are determined in the reference frame shown in figure

1. Respect other referencial frames,
−→
E and

−→
H could be in different

position in the spacelike.
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